Juan Andrés Cabral

Critical points and classification

Given the following function:
fz,y) = 49 + 1292 + 42 — 12z

Determine the critical points and classify them as maxima, minima, or saddle points.
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Solution

Calculate the partial derivatives:

. fz:£:12y2+12m2—12
)
. fy:a—‘;:12y2+24xy

Set the partial derivatives equal to zero:
12y + 1222 —12=0 (1)
122 + 242y =0 (2)
Simplify:
e From (1): 1?2+ 22 —-1=0 = 22 4+¢y%2 =1

e From (2): y(y +22)=0

Solving the system of equations:

Case 1: y=0
Substitute into the circle equation:

221 = z=+1

2?40 =1 =z
Critical points: (1,0) and (—1,0)
Case 2: y+2r =0 = y= -2z
Substitute into the circle equation:

1
2+ (-22) =1 = 2’ +42’ =1 = 5’=1 = z=4+—

NG
Calculate y:
y=—2xr=-2 <j:

Critical points:
()
o | — ———
V5 Vb
(%)
o | ——, —
V5 Vb

Classification of the critical points
Calculate the second-order partial derivatives:

2
o fir= % = 24x
82

o fyy =534 =24y +24

a2
o fzy = Ba:afy = 24y

Hessian determinant: D = f,, f,, — (fuy)?

Critical point (1,0):
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ex=1,9y=0
o [ =24(1)=24

o fyy =24(0) +24(1) = 24
o foy =24(0)=0

e D = (24)(24) — (0)? =576
Since D > 0 and f,, > 0, there is a local minimum at (1,0).
Critical point (—1,0):

er=-1,y=0

o frz=24(—1)=—-24

o fyy=24(0) +24(—1) = —24

o fuy = 24(0) =0

e D= (—24)(—24) — (0)> =576

Since D > 0 and f,, < 0, there is a local maximum at (—1,0).

1 2
Critical point < > :

NGRS
1 2
R o
. fz124(15>\2;45
. fyy24<25>+24(;5)i4/85+\2%\2%
. fzy24(55>485

24 24 48\ 2 576 2304 2880
eD=( ) (-2 ) (-Z2) =22 227 _ % 576
() () () =5 =%

1 2
Since D < 0, there is a saddle point at | —, ——— |.
? <\/5 V5 >

1 2
Critical point ( ——, — |:
P ( NG \/5>

o L2
TRV A
1 24
o for=24 (—) = —%

5
.fy,,=24(55)+24(_\}5):$85_j45:\2%
°fxy=24(2>
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24 24 48\ 2 576 2304 2880
eD=(-) () (Z2) =222 222 _ %0 576
() (%) () =% -5 -5

1 2
Since D < 0, there is a saddle point at <—5, 5).

The critical points and their classification are:

(1,0): Local minimum.
(=1,0): Local maximum.

> : Saddle point.

1
° — |: Saddle point.
( V5 V5 >
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